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An analytical solution of the problem of the breakoff diameter of a vapor bubble and the break- 
off frequency in free-convection boiling is given. It is shown that there are two bubble break- 
off regimes and the boundary between them is determined. 

The breakoff  d iamete r  of a vapor bubble in the boiling of liquids wetting a heating sur face  is usually 
de termined f r om the equation proposed by Fr i t z  

db= 0.02 O[c~/(p' - -  9") g]~/2 . (1) 

Equation (1) is obtained f rom the equil ibrium condition for  the bubble, which at breakoff  is subjected 
to two forces  : the upthrust  and sur face  tension fo r ce s .  

The exper iments  in [1] showed that fo rmula  (1) gives the breakoff  d iameters  of vapor  bubbles fo rmed  
on a heating surface  at re la t ive ly  low heat flux densi t ies .  

An analysis  of equation (1) [2, 3] and the resu l t s  of severa l  r ecen t  exper imental  investigations [4-6] 
showed that in the case  of fully developed f ree -convec t ion  nucleate boiling the vapor-bubble breakoff  
d iameters  differ  considerably  f rom the values given by equation (1). This is at t r ibuted to the fact  that 
fo rmula  (1) ignores the dynamic interact ion of the vapor bubble growing on the heating surface  with the 
surrounding liquid and, hence,  cor responds  to static vaporizat ion conditions. 

Borishanski i  and Fokin [3] took into account the effect  of convection cur ren t s  in the boiling liquid on 
the detachment of the bubble f rom the heating surface  when they de termined the bubble breakoff  d iameter .  
Thei r  express ion  for  the bubble breakoff  d iamete r  [3] has the fo rm 

db=[4.10_aO 2 a . + 3 6 (  P' ~{9"1o.8  ( q ~,]o.5 

6 (  ,o' / q g (2) 

Formula (2) shows that equation (I) corresponds to conditions where the heat flux density tends to zero. 
Another limiting solution was obtained in [7] : 

i 4 

db_= [3a2 p'a '2 ]~- ia 3 
L (p' - -  o") g J  

i (3) 

In the derivation of equation (3) the surface tension force was ignored, and the resistance of the liquid was 
calculated from the well-known formula for the pressure resistance of a medium to the motion of spherical 
bodies in it: 

Fa = Ca ~d~ p'u 2 (4) 
4 -  2 
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Fig.  1. Plots of coeff icients  in equations (13), (18), (20), and (22) 
agains t  p a r a m e t e r  K: 1) C; 2) ~fK/C; 3)~rK/CS/2; 4) C ~K. 

The veloci ty  in fo rmula  (4) was de te rmined  by using the equation, given by F o r s t e r  and Zuber  [8], for  the 
growth of a vapor  bubble in a superhea ted  liquid: 

a'  Ia 2 u----- d(db) = 2  dR = ~ .  (5) 
dT d~ R ' 

and the d rag  coefficient  was taken as C d = 1. 

Equation (5) is based on the idea of a vapor  bubble or iginat ing in the volume of a superhea ted  liquid. 
Labuntsov et a l .  [9, 10] showed that this model  did not co r respond  to nucleate boiling in which bubbles a r e  
fo rmed  on a heating su r face  and proposed the solution 

dR__= ~ a'Ia__, (6) 
dx R 

which takes  into account  the effect  of the heating sur face  on bubble growth before  breakoff .  This solution 
ag ree s  well  with the exper imenta l  r e su l t s  of [10, 11]. 

Below we give a m o r e  genera l  solution of the prob lem of bubble breakoff  d i ame te r ,  based  on the 
equi l ibr ium conditions for  a bubble acted on s imul taneous ly  at breakoff  by: 1) the upthrust  Fg = 7rd~ ( p ' - p " ) g  
/6 ,  2) the sur face  tension fo rce  F a = zdbaf(0), and, 3) the dynamic p r e s s u r e  fo rce  of the liquid displaced 
by the vapor  bubble as it grows on the heating su r face :  

dm du d(mu) _- u - -  -~- m - - .  (7) 
Fm = d-----~- dx dr, 

The m a s s  of liquid displaced by the vapor  bubble during its growth is 

4 n  m = - -  p'R 3. (8) 
3 

Determining  u by using equation (6) withfi  = 10 [9] 

u = 2 d-~-R = 20 a ' Ia  (9) 
dx R 

we obtain from (7) and (8) 

F m =  1600__~ p,a,, ia2. (10) 
3 
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The equilibrium condition for the bubble at breakoff from the heating surface has the form 

ad~ 1600a~ P'a' 2 ia 2 
--~ ( 9 ' - - P " ) g = g d  bof  (0) + 

o r  

where  

dC b -  Nd b -- M = 0, (11) 

N - -  6a,t(O) ; M =  3200p'a'2Ia2 . 
(,o' - -  p") g (p' - -  p") g 

Equation (11) was  obtained by ignoring the f r ic t ion  fo rce  in the liquid [12] and the effect  of adjacent  v a p o r i z a -  
tion cen te r s  on the bubble breakof f  d i a m e t e r .  

F o r  var ious  values of the d imens ion less  p a r a m e t e r  

K = M (3/N)a/2 = 566 p'a '~ Ia ~ [(P'-- 9") g/[cr [ (0)] 3 ]i/2 (12) 
2 

the cubic equation (ii) has the following real solution: 

2,3 f (o) 
d b = C ( - ~ ) ' / 2 = C  [ (9,__p,,)g ] 

i /2 
(13) 

F o r  

0~<K~.<I C = 2 c o s [ l a r c c o s K ] ,  

K > I  C = 2 c h [ @ a r c h K ] .  

A plot of the coeff icient  C as a function of K is shown in Fig.  1. 

The d imens ion less  p a r a m e t e r  K has a definite physical  sense .  
3 

K~MN 2 

According to equation (12), 

Since 
F~ a N ~ F o  de 

M~F~db '  Fg b ' 

we have 
3 3 

K ~ F ~ ( F g ) T = K F W e T  
F z ~F,~) 

K F is a m e a s u r e  of the re la t ionship  between the r e s i s t a n c e  of the liquid to bubble growth and the upthrust .  

On the bas i s  of the above we can postulate  the exis tence  of two r e g i m e s  of bubble breakoff  f rom the 
heating su r face :  a s tat ic  r e g i m e  (K _< 1) and a dynamic r eg ime  (K > 1). In the l imit ing case  of s tat ic  b r e a k -  
off (K = 0) the s o h t i o n  of (13) will be identical  with equation (1). In this case  

2 / 0 )~. 
i(0) = 7 ( ~ -  

With increase in the resistance of the liquid to the growing bubble in the static regime the bubble 

breakoff diameter increases a little and when K = I, attains the value 

d b = [  8(~f(0) ]'/2 (d-p j �9 

A fur the r  i nc rease  in K conver t s  the p r o c e s s  to dynamic breakoff .  

(14) 
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With increase  in K the coefficient  C in the region of dynamic breakoff  (K > 1) increases  rapidly,  
approaching the asymptot ic  re la t ionship C = (2K) 1/3 (shown as a broken line in Fig.  1). Then, using (12) 
and (13) we obtain the limiting solution for  the dynamic breakoff  reg ime in the fo rm 

l 

rib= L (~ff- p - ~  [ 3200p'a'2 ] -~-Ia ~--" (15) 

Equation (15) is the solution of equation (11) for  a vanishingly small  surface  tension fo rce  in compar ison 
with the other  fo rces  acting on the bubble at breakoff .  

If the breakoff  d iameter  d b is r e f e r r e d  to a cap i l la ry  constant I = [ a / ( p ' - p " ) g ]  1/2, then for  both b reak -  
off reg imes  the d imens ionlessbreakoff  d iameter  L = d b / l  can be represen ted  by the formula  

L = c (16) 

Equations (13) and (15) show that the bubble breakoff diameter increases with increase in the Jakob 
number Ja. Owing to the variation of Ja with pressure and temperature head At or heat flux density q, the 
breakoff diameter, according to equation (13), increases with increase in q and reduction of pressure. 
This conclusion is consistent with the results of several experimental investigations [4, 5, 10, I i ,  13]. 

Another important quantity characterizing the boiling heat-transfer rate, in addition to the bubble 
breakoff diameter db, is the breakoff frequency f. Different combinations of these two quantities (fdb, 
f~db, fd3b) are widely used in the literature to correlate experimental data and provide a measure of the 

rate of heat removal from the heating surface. 

The above equations enable us to obtain expressions for these groups and compare themwith experi- 
mental data. 

Integration of equation (6) in the limits 0-d b and 0-~ 0 gives 

d b = [80a'Ia %],/2 . (17) 

With a bubble breakoff  f requency f = 1/2~- 0 we obtain f rom equations (12), (13), and (17) 

1 

O ,  z 

The values of K1/2/C for 0 ~ K ~ 100 a re  given in Fig. 1. When K > 100 we can use the asymptot ic  re la t ion-  
ship (shown by the broken line), having in mind that 

1 

K~| C 

Winter  et al .  [14] presented  the exper imental  resul t s  of many authors ,  which they co r re l a t ed  sa t i s -  
factor i ly  by the empir ica l  relat ionship 

/ Vd.-b- = 0,56 Vg-.  (19) 

A joint considerat ion of equations (12), (13) and (17) gives 
1 

f ~ / d b =  0' 

When p'  >> p" equation (2 0) takes the fo rm 

rv = c R -  ~ V g - "  (21) 

Values of KI/2/C3/2 are given in Fig. 1. When these values at K> 1 are compared with the coefficient 0.56, 
it is easy to see that relationship (19) is an empirical averaging of the theoretical relationship (20). 
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The value of fd~ d i rec t ly  de te rmines  the volume ra te  of vapor removal  f rom one vaporizat ion center  

on the heating sur face  

It follows from (12), (13), and (17) that 

5 2of(0) }T. 14= ccrJ 
[ (V)~-l(p ' - -V )g ]  Y 

(22) 

Values of CK 1/2 for  O _ K <_ 100 a re  given in Fig.  1. For  K > 100 we can use the asymptot ic  re la t ion-  
ship C = (2K)l/3. Then 

�9 --' 5 
d3 588[ p'a'~ ]3iaW" [b=  (P'--V) g 

(23) 

The values of fd~ calculated from equation (23) agree satisfactorily with the experimental data of 

[13] and the correlation proposed in this paper: fd~ ~ Ja 2. 

NOTATION 

Ja = p 'c' At /p  "r 
p', p" 
r 

c v 

At = tw--ts; 

tea, ts 
0 

g 
a T 

d b 
R 

T 
TO 

Jakob number; 
densities of liquid and vapor; 
heat of evaporation; 
specific heat of liquid; 

heating surface temperature and liquid saturation temperature; 
macroscopic contact angle; 
surface tension of liquid; 
gravitational acceleration; 
thermal diffusivity of liquid; 
bubble breakoff diameter; 
bubble radius; 
numerical coefficient; 
time; 
mean residence time of bubble on heating surface. 
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